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Bspline Construction Summary
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Objective of Bspline interpolation:

Given the points (to,po), (t1,p1), (t2,p2), (t3,P3), (t4.P4), (t5.Ps), (te.Ps), ... (tm,Pm), find the
coefficients, ¢, j =0 to m+n-1 of the Bspline basis functions, N (t), such that the sum,

m+n-1

f(t) = chNj"(t)

produces an interpolating spline of degree n with values, f(t) = pjwhen t=t;. i =0 tom.
m also represents the number of curve segments between t, between t,, which in the example
shown above is 6.

Determining the coefficients, c;, of an interpolating Bspline:

Step 1. Assemble the knot vector of the form A=[4, A, 4, ... A, ] containing the
values of t where the polynomial curve segments of degree n are to be joined.

Note: Since n+1 Bspline basis functions N (t) of degree n are required to be computed over
each interval te[t;,t; ], n additional knot points must be defined to the left of to and to the
right of t, in order to enable f(t) to be computed for the intervals te[t,,t;] and te[t,, .t 1.
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Additional left side knots:  t_, =t, —k(t, —t,) k=1ton
Additional right side knots:  t_ ., =t +k(t, —t,,) k=1ton

m

When n = 3, this results in a knot vector of the form

l:[t% t, tity 4ottty b tm+3]
:[ﬂo ﬂ‘1 22 ﬂ’m+2n]

When n = 1, the knot vector would be of the form

A=, t, t t, ..ot ot ]
=4 A A o A]

For example, given the seven points (t;, pi), i=0 to 6 shown on the figure of the first page,
For the cubic case (n=3) the knot vector, A, would take the form,

A=[-6 -4 -2 .0 2 4 6 8 10 12 14 16 18]
=[/10 A A A’.I.Z]

For the linear case (n=1) the knot vector, A, would take the form,

A

[F2 0 2 4 6 8 10 12 14]
:[ﬂo A A 28]

Step 2. For eachi (i = 0 to m), compute the set of N7 (t;) that are nonzero over the interval

t, <t <t using the recurrence equation,

i+1

(t_ij)
(/1' _ﬂ’j)

J+n

A —t
NG (0= SRCRSCEE R RO
(ﬁ’j+n+l o ﬂ’jﬂ)

1 ford;<t<Ai;,

where N?(t) = _
! 0 otherwise

and N7 (t)=0 whent< 4, ort> 4

j+n+1
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For example, in the cubic case (i.e. n = 3) when 6 <t<8 (i.e. t; <t<t,), it can be determined
that j = 6, since j is found from the interval in the knot vector where A; <t< 4, ,, which for this
case isAs <t < A,. From the definition of the recurrence equation above, and knowing that j=6
allows the recurrence equation to be initialized with NJ(t) =1 and used to compute the B-
splines of degree n= 1 to 3 that are nonzero over the interval A, <t<A,.

As above, for the case where t, <t <t, (i.e. 4, <t<A4,) it follows that:
n=0: NJ(t)=1
N?(t) = 0 for all other j (i.e. except j=6)

A4 No+ 2D o = £ %)
o) " G2y )

n=1: Ng(t)= Ns (1)

)= E=7) poy o (=) (1) o
NED) = 2y N0+ SN t) = NG

N;(t) =0 for all other j (i.e. except j =6 and 5)

ey G2 i e =) e (=A)
=2: = =

=2 N0 = O G Ty VY= T
. G=2) i (e s

N —~° 7 N

(0= SN+ i
(=2 iy, =) i (=) s
Go—a) O Ty W= Ty

N jz(t) =0 for all other j (i.e. except j=6,5and 4)

Ng (1)

Ni(t) =

=3 N2 =l Nz e D g - (2A) e

(Ao = 46) (4o = 47) (A5 — %)
sy (L=As) 2 (4 —0) 2
Ng(t) = (—A) N (t) + (i — 20) N¢ (t)

- 4) (g 1)
N0 =y Oy O

_(=4) A=t _ (G- e
N3 () o= 1) N () + 1) NZ (1) -2 N, (1)

Nf(t) =0 for all other j (i.e. except j=6,5, 4 and 3)
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Step 3. Compute the 2" derivatives of the Bspline basis functions, N ; (t), at to and ty, using the

I
(ﬂ’j+n+l - Z’jﬂ)
1 ford, <t<Ai;,

0 otherwise

ONI(t)=n _
(ﬂ“jm _ij)

(-1) N
j+1

recurrence equation,
(£-1) Ny n-1
NI - (t)j

where N (t) ={

and ¢ = /" derivative

First compute N (t,) ,n=0to 3 where j =0 to 3 using the standard Bspline recurrence
equation. It turns out that whent=1t; N (t,)=0 forn=1to 3. With knowledge of the values

of N{(t,) inhand, the first derivative of N (t,) can be computed as follows:

First derivative of n=2 Bspline basis functions at t, (i.e. case n=2,/=1):

ON2t Yoo L Nl R ST I A T
Na(to>—2[us_%)N3(to) (%_tho)j iy i) =0
1 1 2
ONZ(t,) =2 ———N;(t, ———N;(t,) |=———<N;(t,
N ((&4— )T G ()J o2 2
O 2 _ 1 1 1 1 _ —2 1
N (to)—z(—% MW - s Nz(to)J TSI

Knowing @NZ(t,), ON2(t,)," N/(t,) enables the second derivative of the n=3 (i.e. cubic)

B-splines to be computed as follows:

1 1
N=30=2: FNs(t)=3 5 Ns(b) = STN(k) =0
6 3 7 4
ONS(t) =3 —~  ONZ(t) - -  ONZ(t
2 (L) = G- 1) > (to) G —2) 3 (&)
5 2 6 3
ON3(t,)=3 — - ONZ(t S ROINLY
1 (o) = G —7) 1 (&) G —1) 2 (&)
4 1 5 2
ON3(t) =3 — T ONZ(t) - Tt ONZ(
o\*o/ ™ 0\*0 1 \*0
N (45 = 4o) al (4 = 4) a

The values of @N  (t,,) can be computed in a similar fashion.
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Step 4. Set up the vector matrix equation of the form,

Ac=d

and solve for the coefficient vector ¢ = A™'d where,

e Aisamatrix of dimension (m+n ) x (m+n) containing the Bspline basis function
values (and derivatives) evaluated at each tj, i =0 to m,

e cisa coefficient vector of dimension (m+n) x 1, and

e disa vector of dimension (m+n) x 1 containing the desired values of the spline at the
points p;, i = 0 to m (and possibly 1% or 2™ derivative values at points to and tr,).
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For the cubic case (n = 3) with natural spline endpoint conditions (i.e. second derivative = 0 at ty and ty,),

the matrix A takes the banded form (where all entries other than the ones shown are assumed to be zero):

CONS () ONJ() ON3(t) ON3t,)
No(t) N3t  N3@)  Ni(t)
NP(t)  NJ()  NS@) NG
NJ(t)  NJ(t) NIt NS (t,)

Nos(tns) Noo(ts) Noo(t,s) No(t,s)
NS o(tno) Noo(t,,) Na(t,,) N2.(t,,)
Noa(tns)  No(t,y) N2(t,,) Noo(t,)
Noo(t,)  Na(t)  Noa(t)  NJo(t)
ONS () ONAE)  ONSL() PND () |

= when n = 3 the matrix A has (m+3) rows and (m+3) columns)
The vector d takes the form,

d=[0 p p .o Py Of
and the coefficient vector c is determined from the equation,

c=A"d where A is the inverse of the matrix A.
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For example, given the seven points (t;, p;), i=0 to 6 shown on the figure of the first page with values,

Po=(0, 1), p2=(2, 2), ps=(4, 2.5), ps=(6, 1.5), ps=(8, 0.5), ps=(10, 0.25)

and the associated knot array,

A=[-6 -4 -2°0 2 4 6 8 10 12 14 16 18]
:[&o A Ao /112]

it follows that,
d=[01 2 25 15 05 .25 0 O

1025 -05 025 0 0 0 0 0 0

0.167 0.667 0.167 O 0 0 0 0 0
0 0167 0.667 0.167 O 0 0 0 0
0 0 0167 0667 0167 O 0 0 0
A=| 0 0 0 0167 0.667 0167 O 0 0
0 0 0 0 0167 0.667 0167 O 0
0 0 0 0 0 0167 0.667 0.167 O

0 0 0 0 0 0 0167 0.667 0.167

_0 ........... oo . . . 025 _05025_
and c=A'd=[-003 1.0 20301 2.8795 1.4519 0.3128 0.2968 0 -0.297
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Computing the Interpolating Bspline function f(t):

Since there are only n+1 nonzero basis splines for any value of t, the interpolating Bspline

m+n-1

function f(t)= D c;N](t) can be simplified to,
j=0

f1)=Yc, NI, ()

where j is associated with the interval in which 4; <t<4,,
Step 1. Given the knot vector A and a value for t find the value of j such that 4, <t<A4,,,

Step 2. Given the value of j determined in Step 1 and the value of t, compute the (n+1) Bspline
basis functions N (t) that are nonzero over the interval A, <t<A4,,, using the Bspline

recurrence equatlon described previously. For example, When t=7 the nonzero Bspline basis
functions N (t) up to degree n=3 that are nonzero over the interval 1, <t<A, (i.e. 6<t<8)
would be found to be,

NG =1

Ng=% Ng=3

Ny=§ Ng=% N¢=%
Ni=4% N;/=% NJ=% NJ=4

Step 3. Assuming the coefficient vector ¢ has been previously determined, for the cubic case
(n=3) the Bpline function f(t) can be evaluated at t=7 as,

f(t)=c, ;N (t)+c; N>, (1) +c,  NJ, (t)+c ;N (t)

where j is the index value determined in Step 2.
As shown in the example of Step 2 when t=7, j = 6 so it follows that,
f(t)= Csts(t) + C4Nj(t) + CsNg(t) + CeNg(t)

where values for the basis splines N3 (t=7)=2, NJ(t=7)=2, N2(t=7)=2, NJ(t=7)=
at t=7 are obtained as shown in Step 2.





